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Abstract
We use the intrinsic join product to express the index of a k-field with finite singularities over the
total space of a smooth fiber bundle F ↪→E→B as the product of the indices of k-fields with finite
singularities given on the fiber F and the base B. We present tables for the join product of generators
of πn−1(Vn,k) for 1 < k  4 where Vn,k denotes the real Stiefel manifold of k-frames in Rn. The
indices of k-fields with finite singularities on a smooth closed manifold Mn are expressed precisely
in terms of generators of πn−1(Vn,k) for 1 < k  4 when the indices depend only on the oriented
homotopy type of Mn. We obtain direct proofs of some results of Becker and Schultz [Quart. J. Math.
Oxford (2) 33 (1982) 385] concerning the existence of differentiable fiber bundles as applications.
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1. IntroductionLet Vn,k denote the real Stiefel manifold of k-frames in Rn. Generators of the 2-primary
components of πr(Vn,k) have been described by Nomura [15]. James described in [6]
and [7] the intrinsic join construction of Stiefel manifolds that induces a join product on
homotopy groups
∗ :πr(Vm,k)⊗ πs(Vn,k)→ πr+s+1(Vm+n,k).
We utilize this information to study indices of k-fields with finite singularities defined
on the total space of a differentiable fibre bundle.
In Section 2 we prove the following theorem:
Theorem 1 (Join of Indices). Let F ↪→ E → B be a locally trivial differentiable fiber
bundle where F , E and B are closed manifolds.
Suppose that F admits a k-field (u1, . . . , uk) with finite singularities while B admits
a k-field (v1, . . . , vk) with finite singularities. Then E admits a k-field (w1, . . . ,wk) with
finite singularities and its index is given by the following formula
ind(w1, . . . ,wk)= ind(u1, . . . , uk) ∗ ind(v1, . . . , vk).
The computations of the join product of the generators of πn−1(Vn,k) for 1 < k  4 are
done in Sections 3 and 4. They are presented in tables in the traditional way—the element
in ith line and j th column is the product of the first element in the ith line times the first
element in the j th column.
These tables are very useful in order to derive applications of Theorem 1 in Section 5.
In Section 4 we deal with the indices of k-fields for k = 2, 3 and 4. We put together
known information on 2- and 3-fields. Theorem 1 yields new information for 4-fields. Here
the generators of πn−1(Vn,4) for n ≡ 0 mod 4 given by James [6] are used together with
the automorphism µ∗ in order to express the index for a 4-field over a manifold, whenever
it admits one.
Proof of Theorem 1
We consider locally trivial differentiable fiber bundles F t ↪→ Et+n → Bn, where F ,
E and B are closed smooth manifolds such that the structural group for the fiber bundles
consists of a subgroup of the group of all diffeomorphisms of F . Examples of such fiber
bundles are the sphere and projective space bundles of a given smooth vector bundle
Rt+1 ↪→ ξ → Mn over a smooth closed manifold M , and principal G-bundles over M
for any compact Lie group G.
Proof. Suppose that the fiber F admits a k-field (u1, . . . , uk) with finite singularities
while the base B admits a k-field (v1, . . . , vk) with finite singularities. We may assume
that each has a unique singularity, say at x ∈ B and y ∈ F . We shall construct a k-field
w = (w1, . . . ,wk) on E with a unique singularity as follows.
First, we construct an open set U1 ⊂ B with x ∈ U1 and a diffeomorphism φ1: p−1(U1)∼= F × U1, compatible with the projection p. We extend {U1} to a finite covering
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{Uj , 1  j  r} of B with x /∈ Uj for j > 1. This covering consists of open sets Uj
in the atlas for the fiber bundle map p. We have the k-field defined in F × Uj by
((u1, . . . , uk), (v1, . . . , vk)|Uj ) for 1 j  r . Define a k-field inE using a partition of unity
{ψi :B→[0,1]} subordinate to the covering {Uj }. Given any point z ∈E, let ρ(φi(z)) ∈ F
be the first coordinate of φi(z) ∈ F ×Ui . That is, φi(z)= (ρ(φi(z)),p(z)).
We now define the k-field with finite singularities in E as follows:
(w1, . . . ,wk)(z)
=
r∑
i=1
(
dφ−1i
)[
(u1, . . . , uk)
(
ρ
(
φi(z)
))
,ψi
(
p(z)
)
(v1, . . . , vk)
(
p(z)
)]
.
Clearly (w1, . . . ,wk)(z) is a k-frame (no singularity) unless p(z)= x . If p(z)= x , then
again (w1, . . . ,wk)(z) consists of k linearly independent vectors unless ρ(φ1(z))= y . So
we have a unique singularity for (w1, . . . ,wk) on E given at (φ1)−1(y, x) ∈ E. By the
definition of the join
ind(w1, . . . ,wk)(z)= ind(u1, . . . , uk)(y) ∗ ind(v1, . . . , vk)(x). ✷
Notations
We use Nomura’s convenient notation. Let us recall it briefly. Now ik and pk denote
both the fiber inclusion and projection in the natural fibration
Vn−k,m−k ik Vn,m pk Vn,k
and also the induced morphism in homotopy
· · · ∂ πr(Vn−k,m−k) ik πr (Vn,m) pk πr(Vn,k) ∂ · · · .
Whenever p1 :Vn,k → Sn−1 admits a section, sk denotes both the section and the
morphism induced in homotopy. Further, [α] denotes an element chosen in p−11 (α) while
ι represents the canonical generator of πn(Sn). Although sk and [α] are only defined up
to 2-primary homotopy cosets, this notation serves to indicate the generators. When the
choice of a representative makes a difference, we will indicate which element has been
chosen.
The elements of the stable homotopy groups of the spheres will be denoted as in Toda
[21]. In particular, η ∈ πt+1(St ) and ν ∈ πt+3(St ).
A very useful tool for calculation is the action of the automorphisms µ∗, λ∗ and ξ∗ on
the elements of πr(Vn,k), as well as their properties. See [6] .
2. πn−1(Vn,2) and πn−1(Vn,3)
The homotopy group πn−1(Vn,2) depends on the parity of n. Nomura describes it for
n 5 as in Table 1.
The join products of these generators are given by the rule
i1η ∗ i1η= 0
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Table 1n 5 n≡ 0 mod 2 n≡ 1 mod 2
πn−1(Vn,2) Z/2⊕Z Z/2
Generators i1η, s2ι i1η
Table 2
n 6 n≡ 0 mod 4 n≡ 1 mod 4 n≡ 2 mod 4 n≡ 3 mod 4
πn−1(Vn,3) Z/4⊕Z Z/2 Z/2⊕Z Z/2⊕Z/2
Generators i1[η], s3ι i1s2η i1[η], [2ι] i2η2, i1s2η
Relations i2η2 = 2i1[η] i2η2 = 0 p2[2ι] = 2s2ι
and the fact that s2ι behaves like the identity for multiplication. These will follow by the
projection of the results for the case Vn,3 by the formula (2.8) of James [7].
Table 2 presents the generators of πn−1(Vn,3) that depend on the class of n modulo 4,
for n 6.
Since the join product is skew-commutative, see James [7], we present the tables for
πt−1(Vt,3) ∗ πn−1(Vn,3) with the dimension restrictions t and n 6.
In Tables 3–6, the first column on the left contains the generators of πt−1(Vt,3) and the
second row from the top to the bottom contains the generators of πn−1(Vn,3). For example,
one could read from the first table that i1[η] ∗ i1[η] = 2i1[η] or i1[η] ∗ i1[η] = 0 according
to the case t ≡ 0 mod 4 and n ≡ 0 mod 4 or t ≡ 0 mod 4 and n ≡ 2 mod 4. Notice
that i1[η] has order 4 in πt+n−1(Vt+n,3) in case t + n≡ 0 mod 4 but has order 2 in case
t + n≡ 2 mod 4.
We use different techniques, to compute these products, depending on the case. We will
exemplify the most simple situations and only the delicate cases will be fully discussed.
The following lemma is a good example of the straightforward computations.
Lemma 2. The product i1[ηt−2] ∗ i1[ηn−2] is equal to i2η2 ∈ πt+n−1(Vt+n,3).
Proof. We apply the formula (2.12) of [7]: α ∗ σ(φ)= σ(α′ ∗ φ), where α = i1[η], σ = i1
and φ = [η]. Now, α′ = p(i1[η])= i1η because α′ is the projection of α. This can be seen
in the following commutative diagram.
Vt−1,2 i1
p
Vt,3
p
St−1
[η]
η
St−2
i1 Vt,2
(I)
So we deduce that i1[η] ∗ i1[η] = i1(i1η ∗ [η]).
Now, we use the formula σ(θ) ∗ β = σ(θ ∗ β ′) in (2.12) of [7], for i1η ∗ [η]. Since
β ′ = p[η] = η, we obtain
i1[η] ∗ i1[η] = i1
(
i1η ∗ [η]
)= i1(i1(η ∗ η))= i2η2. ✷
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Table 3(t, n)≡ (0,0) mod 4 (0,1) mod 4 (0,2) mod 4 (0,3) mod 4
∗ i1[η] s3ι i1s2η i1[η] [2ι] i2η2 i1s2η
i1[η] 2i1[η] i1[η] 0 0 0 0 i2η2
s3ι i1[η] s3ι i1s2η i1[η] [2ι] i2η2 i1s2η
Table 4
(t, n)≡ (1,1) mod 4 (1,2) mod 4 (1,3) mod 4
∗ ii s2η i1[η] [2ι] i2η2 i1s2η
i1s2η 0 i2η2 0 0 2i1[η]
Table 5
(t, n)≡ (2,2) mod 4 (2,3) mod 4
∗ i1[η] [2ι] i2η2 i1s2η
i1[η] 2i1[η] 2i1[η] 0 0
[2ι] 2i1[η] 4s3ι+ 2i1[η] 0 0
Table 6
(t, n)≡ (3,3) mod 4
∗ i2η2 i1s2η
i2η
2 0 0
i1s2η 0 0
This lemma provides the proofs for several entries in our table. It also can be used if we
substitute i1[η] by i1s2η for both are liftings of η. For instance, if t + n ≡ 0 mod 4, then
i1[η] ∗ i1[η] or i1s2η ∗ i1s2η are equal to 2i1[η]. If t + n≡ 1 mod 4, then i1[η] ∗ i1s2η and
i1s2η ∗ i1[η] are equal to zero. The above lemma also computes products of this type in the
tables where t + n≡ 3 mod 4. The only delicate case occurs when t + n≡ 2 mod 4.
Lemma 3. If m≡ 2 mod 4, then i2η2 = 0 in πm−1(Vm,3).
Proof. The natural fibration
Vm−1,2 i1 Vm,3 p1 Sm−1
induces the exact homotopy sequence
· · · p1 πm(Sm−1) ∂ πm−1(Vm−1,2) i1 πm−1(Vm,3) · · · .
Let η ∈ πm(Sm−1) = Z/2 be the generator. Notice that ∂(η) = ∂(ι ◦ η) = ∂(ι) ◦ η =
(i1η) ◦ η= i1η2 because ∂(ι)= tm,3 = i1η ∈ πm−2(Vm−1,2) when m≡ 2 mod 4 [15].
Then i2η2 = i1(i1η2)= i1(∂(η))= 0. ✷
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We now will use a different technique to prove:Lemma 4. If t ≡ n≡ 2 mod 4 then [2ι] ∗ [2ι] = 4s3ι+ 2i1[η].
Proof. The index of any 3-field with finite singularities over the sphere Sn is ∂ιn = tn+1,4 ∈
πn−1(Vn,3) and this index is equal to [2ι] when n≡ 2 mod 4. The index of a 3-field with
finite singularities over St × Sn is [2ι] ∗ [2ι], by Theorems 1 and 2.7 of [18]. Now, we can
use the Atiyah and Dupont formula [2] to compute it:
[2ι] ∗ [2ι] = χ(St × Sn)s3ι+(χ(St × Sn)− (−1)kσ (St × Sn)2
)
i1[η].
The result now follows from the fact that σ(St × Sn)= 0. Here 4k = t + n. ✷
Lemma 5. Suppose t ≡ n ≡ 2 mod 4 and let i1[η] ∈ πt−1(Vt,3), [2ι] ∈ πn−1(Vn,3). Then
i1[η] ∗ [2ι] = i2η2.
Proof. We apply (2.12) from [7] to get
i1[η] ∗ [2ι] = i1
([η] ∗ p2[2ι])= i1([η] ∗ 2s2ι)= i1(2[η] ∗ s2ι)
= i1
(
i1η
2 ∗ s2ι
)= i2η2.
Here we use the fact that 2[η] = i1η2 ∈ πt−1(Vt−1,2). ✷
The proof of Lemma 5 also implies the following conclusions:
• If (t, n)≡ (0,2) mod 4 then i1[η] ∗ [2ι] = 0.
• If (t, n)≡ (1,2) or (3,2) mod 4 then
i1s2η ∗ [2ι] = i1(s2η ∗ 2s2ι)= 2i1s2η= 0.
Lemma 6. If t ≡ 0 mod 4 and n≡ 0 mod 2 then s3ι ∗ i1[η] = i1[η].
Proof. In order to calculate s3ι ∗ i1[η] in terms of i1[η] we will use the automorphism µ∗.
Recall that µ∗(α ∗ β)= µ∗(α) ∗ β = α ∗ µ∗(β) by [6, p. 18]. From the expression for
µ∗ in (13.3) of [6, p. 83], µ∗ acts on the generators of πt+n−1(Vt+n,3) as
µ∗
(
i1[η]
)= i1[η]
and
µ∗(s3ι)=−s3ι− i1[η].
Now, applying µ∗ to the equality s3ι ∗ s3ι= s3ι, we get:
µ∗(s3ι ∗ s3ι)= µ∗(s3ι),
µ∗(s3ι) ∗ s3ι= µ∗(s3ι),
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(−s3ι− i1[η]) ∗ s3ι=−s3ι− i1[η],
−s3ι− i1[η] ∗ s3ι=−s3ι− i1[η].
So, i1[η] ∗ s3ι= i1[η] and similarly s3ι ∗ i1[η] = i1[η]. ✷
3. πn−1(Vn,4)
Table 7 presents generators of πn−1(Vn,4), always for n > 8. This depends on the class
of n modulo 4. In particular, if n= 4m we substitute for Nomura’s generators the precise
generators defined by James in [6, p. 87].
In order to establish the relations among Nomura’s and James’ generators we consider
the exact homotopy sequence, for m 3,
0 π4m−1(V4m,5)
p
π4m−1(V4m,4) ∂ π4m−2
(
S4m−5
) · · ·
and the action of the automorphismsµ∗, λ∗ and ξ∗. Now ∂γm =mν while ∂δm = ∂(i3ν)=
2ν.
Notice that the torsion part of π4m−1(V4m,5) is generated by i1[η], an element of order
8, and the monomorphism p4 :π4m−1(V4m,5)→ π4m−1(V4m,4) maps it on the kernel of ∂ .
Furthermore,−δm+ i3ν ∈ Ker(∂) is an element of order 8. Now, i1[η] ∈ π4m−1(V4m,4) has
order 4. So, we rewrite −δm + i3ν =−δm − 2i3ν + 3i3ν and set
i1[η] = −δm − 2i3ν ∈ π4m−1(V4m,4). (II)
We note that p4(i1[η])= i1[η]+ 3i3ν. If n= 8m, π8m−1(V8m,5) is generated by s5ι and
i1[η], and λ∗ acts on it as the identity. So s4ι= p4(s5ι) is satisfied by defining
s4ι= γ2m −mi3ν. (III)
For n= 4(2s + 1), we define s4ι= γ2s+1 − (s + 2)i3ν and i1[η] = −δ2s+1 − 2i3ν. So
we have chosen Nomura’s generators precisely in terms of James’ generators.
Here is Table 8 for the join product of generators defined by James, in the case that
t = 4m and n= 4s. Proofs follow directly from the inductive definitions of γm and δm in
terms of join products and automorphisms on [6, p. 87].
Table 7
n 9 n= 4m n≡ 1 mod 4 n≡ 2 mod 4 n≡ 3 mod 4
πn−1(Vn,4) Z/24⊕Z/4⊕Z Z/2⊕Z/2 Z/12⊕Z Z/2⊕Z/2
Generators i3ν, δm, γm i1s3η, i3ν i3ν, [2ι] i2[η]η, i3ν
Relations i2s2η2 = 0
Table 8
∗ γs δs i3ν
γm γm+s δm+s i3ν
δm δm+s 2δm+s − 2i3ν 0
i3ν i3ν 0 0
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Table 9(t, n)≡ (0,0) mod 4 (0,1) mod 4
∗ i1[η] i3ν s4ι i1s3η i3ν
i1[η] 2i1[η] − 6i3ν 0 i1[η] 0 0
i3ν 0 0 i3ν 0 0
s4ι i1[η] i3ν s4ι i1s3η i3ν
Table 10
(t, n)≡ (0,2) mod 4 (0,3) mod 4
∗ i3ν [2ι] i2[η]η i3ν
i1[η] 0 6i3ν 0 0
i3ν 0 2i3ν 0 0
s4ι i3ν [2ι] i2[η]η i3ν
Table 11
(t, n)≡ (1,1) mod 4 (1,2) mod 4 (1,3) mod 4
∗ i1s3η i3ν [2ι] i3ν i2[η]η i3ν
i1s3η 0 0 0 0 12i3ν 0
i3ν 0 0 0 0 0 0
Table 12
(t, n)≡ (2,2) mod 4 (2,3) mod 4
∗ [2ι] i3ν i2[η]η i3ν
[2ι] c 2i3ν 0 0
i3ν 2i3ν 0 0 0
The presentation of the join product tables (see Tables 9–12) for πt−1(Vt,4)∗πn−1(Vn,4)
with the dimension restrictions t and n  9, follows the same pattern as the ones for
πt−1(Vt,3) ∗ πn−1(Vn,3).
The element s4ι in the first table is given by s4ι − 3i3ν for (t, n) ≡ (4,4) mod 8 and
by s4ι otherwise. Similarly, the class [2ι] for (t, n) ≡ (0,2) mod 4 is defined by [2ι] for
t ≡ 0 mod 8 and by [2ι] − 3i3ν for t ≡ 4 mod 8.
The element c in the last table is given by:
c=
{
4s4ι+ 2i1[η] + 12i3ν, (t, n)≡ (2,2) mod 8 or (6,6) mod 8,
4s4ι+ 2i1[η] + 6i3ν, (t, n)≡ (2,6) mod 8 or (6,2) mod 8. (IV)
The following lemmas prove the join products presented in the above tables.
Lemma 7.
(a) If m≡ 2 mod 4, then i2s2η2 = 0 in πm−1(Vm,4);
(b) If m≡ 1 mod 4, then i2[η]η= 0 in πm−1(Vm,4).
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Table 13(t, n)≡ (3,3) mod 4
∗ i2[η]η i3ν
i2[η]η 0 0
i3ν 0 0
Proof. To prove (a), consider the commutative diagram of exact homotopy sequences:
· · · πm(Vm,2) ∂2 πm−1(Vm−2,2)
p1
i2 πm−1(Vm,4)
p3
· · ·
· · · πm(Vm,2) ∂2 πm−1(Sm−3)
s2
i2 πm−1(Vm,3) · · ·
By Lemma 3, i2η2 = 0 ∈ πm−1(Vm,3) so, there is α ∈ πm(Vm,2) such that ∂2α = η2.
Using the section s2 in the diagram, i2s2η2 = 0.
For case (b) we use only the first row of the diagram. In this case, we conclude that
∂2[η] = [η]η.
This implies that i2[η]η= 0. ✷
Corollary 8.
(a) If (t, n)≡ (1,1) mod 4, then i1s3η ∗ i1s3η= 0;
(b) If (t, n)≡ (0,1) mod 4, then i1[η] ∗ i1s3η= 0.
Proof. For the case (a), using James’ formulas,
i1s3η ∗ i1s3η= i2(s2η ∗ s2η)= i2s2η2 = 0.
For (b),
i1[η] ∗ i1s3η= i2
([η] ∗ s2η).
Now, [η] ∗ s2η = ai1ν + [η]η ∈ πt+n−1(Vt+n−2,2).
Since πt+n+2(Vt+n−2,2) = Z/2 is generated by i1ν2, composing ν with the above
equality shows that a = 0.
Then, i2([η] ∗ s2η)= i2([η]η)= 0. ✷
We define [2ι] ∈ πn−1(Vn,4) for n ≡ 2 mod 4 to be p4([2ι]5), where [2ι]5 generates
πn−1(Vn,5)≈ Z.
Then [2ι] is the index of a 4-field with finite singularities over the sphere Sn, n ≡
2 mod 4.
Lemma 9. Let n ≡ 2 mod 4, [2ι] ∈ πn−1(Vn,4). Join products with classes in πt−1(Vt,4)
are given by:
(1) i3ν ∗ [2ι] = i3(ν ∗ ι)= 2i3ν, ∀t ;
(2) i2[η]η ∗ [2ι] = 0, for t ≡ 3 mod 4;
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(3) i1s3η ∗ [2ι] = 0, for t ≡ 1 mod 4;
(4) i1[η] ∗ [2ι] = 6i3ν, for t ≡ 0 mod 4;
(5) [2ι] ∗ [2ι] = c where c is given by formula (IV), for t ≡ 2 mod 4;
(6) s4ι ∗ [2ι] = [2ι], for t ≡ 0 mod 8; and
s4ι ∗ [2ι] = [2ι] − 3i3ν, for t ≡ 4 mod 8.
Proof. (1) i3ν ∗ [2ι] = i3(ν ∗ 2ι)= 2i3ν ∈ πt+n−1(Vt+n,4).
Whenever i3ν is an element of order 2, this product is equal to zero.
(2) The element [2ι] ∈ πn−1(Vn,4) projects onto 2s2ι ∈ πn−1(Vn,2). Then
i2[η]η ∗ [2ι] = i2
([η]η ∗ 2s2ι)= i2(2[η]η)= i20 = 0
since πt+n−1(Vt+n−2,2)= Z/2⊕Z/2.
(3) i1s3η ∗ [2ι] = i1(s3η ∗ [2ι]). Now, using the exact sequence
· · ·πt+n−1(St+n−4) i2 πt+n−1(Vt+n−1,3) p πt+n−1(Vt+n−1,2) · · ·
s3η∗ [2ι] ∈ Ker(p)= Im(i2). Then s3η∗ [2ι] = bi2ν. Composing this equality with ν gives
bi2ν
2 = (s3ν ∗ [2ι])ν = (s3ην) ∗ [2ι] = 0. We conclude that b= 0 since πn+t+2(Vn+t−1,3)
is generated by i2ν2.
(4) Clearly i1[η] ∗ [2ι]5 = 0, since πt+n−1(Vt+n,5) is freely generated by [2ι]5. By
naturality via p4, 0 = (i1[η] + 3i3ν) ∗ [2ι] = i1[η] ∗ [2ι] + 6i3ν so i1[η] ∗ [2ι] = 6i3ν.
We remark that Lemma 6 also follows by naturality.
(5) Let t ≡ n≡ 2 mod 4 and write t + n= 4m. Now [2ι] ∗ [2ι] is the index of a 4-field
with finite singularities on St × Sn by Theorem 1. Stably trivial indices are multiples of
the index of a 4-field with finite singularities on St+n. We conclude that
[2ι] ∗ [2ι] = 2(2γm − δm − (m− 1)i3ν)
=
{
4s4ι+ 2i1[η] + 12i3ν, (t, n)≡ (2,2) mod 8 or (6,6) mod 8,
4s4ι+ 2i1[η] + 6i3ν, (t, n)≡ (2,6) mod 8 or (6,2) mod 8.
(6) Naturality from 5-frames shows that s4ι ∗ [2ι] = [2ι] for t ≡ 0 mod 8 while
(2s4ι + 3i3ν) ∗ [2ι] = 2[2ι] for t ≡ 4 mod 8. Consequently, s4ι ∗ [2ι] = [2ι] ± 3i3ν for
t ≡ 4 mod 8. However, we deduce that s4ι ∗ [2ι] = [2ι] − 3i3ν from (s4ι ∗ [2ι]) ∗ [2ι] =
s4ι ∗ ([2ι] ∗ [2ι]) for t ≡ 4 mod 8 and n≡ 2 mod 8. ✷
The proof for the remaining entries in the tables follows straightforward from the
formulas (2.12) in [7], and for 4-fields we also use the formulas (II) and (III), and similar
arguments as used in the other cases.
4. Indices of k-fields for k = 2, 3 and 4
4.1. M orientable
Let Mn be a closed connected oriented manifold. If n > 2, then M always admits
a 2-field with finite singularities for n ≡ 1 mod 4, while the vanishing of wn−1(M) is
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Table 14n≡ 0 mod 2 wn−2(M)= 0
n≡ 1 mod 4 Wn−2(M)= δ∗wn−3(M)= 0 and wn−1(M)= 0
Table 15
k = 2 k = 3
n≡ 0 mod 4 χ(M)s2ι+ τ (M)i1η χ(M)s3ι+ τ (M)i1[η]
n≡ 1 mod 4 R(M)i1η R(M)i1s2η
n≡ 2 mod 4 χ(M)s2ι 12χ(M)[2ι]
n≡ 3 mod 4 0 0
necessary and sufficient for a 2-field with finite singularities whenever n ≡ 1 mod 4 by
[19]. Related information is found in [5,10,11].
The necessary and sufficient conditions for the existence of a 3-field with finite
singularities on Mn, n 7 and n ≡ 3 mod 4, are given in Table 14.
If there exists a k-field u with finite singularities on an oriented Mn for k = 2 or 3, then
ind(u) is given by Table 15 with n 5 for k = 2 and n 6 for k = 3, where
τ (M) := χ(M)− (−1)
n/4σ(M)
2
and
χ2(M) :=
(
l∑
i=0
dimH2i (M,Z/2)
)
mod 2,
R(M) := χ2(M)+
(
w2(M)∪wn−2(M)
)[M] mod 2
where dim M = n= 2l + 1. Clearly R(M)= χ2(M) whenever Mn is a spin manifold.
The vanishing of the characteristic numbers in the above table are necessary and
sufficient conditions for the existence of 3 linearly independent tangent vector fields on
oriented M whenever M admits a 3-field u with finite singularities by results of [2,4,
8,9,18]. The index of a k-field u with finite singularities was defined classically as the
obstruction cohomology class in Hn(M;πn−1(Vn,k)) to removing the singularities of u
without altering u on the (n− 2)-skeleton of M .
We have expressed ind(u) precisely in terms of generators in [15] via the natural
isomorphism between Hn(M;πn−1(Vn,k)) and πn−1(Vn,k) for oriented manifolds. (See
Proposition 1.8 of [18].) We indicate proofs for the new results on indices of 4-fields with
finite singularities in Table 16.
Suppose that an oriented manifold Mn admits a 4-field u with finite singularities. Then
ind(u) is given in Table 16. Moreover, we assume that Mn is spin for n odd.
We now justify the enumeration of indices of 4-fields with finite singularities for n
odd. Certain second-order k-invariants in modified Postnikov resolutions for the fibration
Vn,4 → BSpin(n − 4)→ BSpin(n) as in [1,12–15,18] can be calculated by non-stable
secondary operations. These secondary obstructions to lifting a classifying map for the
tangent bundle τ :M → BSpin(n) to BSpin(n− 4) are expressed by non-stable secondary
operations applied to the Thom class Uτ of the Thom complex T (τ(M)) associated to
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Table 16n 9 ind(u)
n≡ 0 mod 8 χ(M)s4ι+ τ (M)(i1[η] + 3i3ν)
n≡ 4 mod 8 12χ(M)(2s4ι+ 3i3ν)+ τ (M)(i1[η] + 3i3ν)
n≡ 1 mod 4 χ2(M)(i1s3η+ i3ν) if n≡ 1(8), χ2(M)i1s3η if n≡ 5(8)
n≡ 2 mod 4 12χ(M)[2ι]
n≡ 3 mod 4 χ2(M)i3ν if n≡ 3(8), 0 if n≡ 7(8)
τ (M) via the generating class theorem of [20]. The proof of Theorem 4.8 of [17] shows that
the James–Thomas number of M is 2 whenever M is an odd-dimensional spin manifold
admitting a 4-field with finite singularities. Consequently, Φ(Uτ )= Uτ · χ2(M) where Φ
denotes the functional cohomology operation defined by Sutherland in [22]. Moreover, the
non-stable secondary operations evaluate on Uτ as Φ(Uτ ) by [22] also. These non-stable
secondary operations based on Sq4Sqn−3 = 0 on n-dimensional integral classes u for
which Sq2u= 0 detect the i3ν-component of the index of a 4-field with finite singularities
on Mn for n ≡ 1 or 3 mod 8, since Sq4 detects ν. By naturality the i1s3η-component of
the index of a 4-field with finite singularities on spin Mn is determined by the index of a
tangent 2-field with finite singularities.
The index of a tangent 4-field with finite singularities on oriented Mn with n≡ 2 mod 4
follows from the index of a 3-field with finite singularities. The result for n ≡ 0 mod 4
utilizes the result for 3-fields with finite singularities, Proposition C of [9], and knowledge
of the homotopy of Vn,4 and Vn,5 in dimension n− 1.
4.2. The automorphism µ∗ of πn−1(Vn,k) and the projection
p :πn−1(Vn,k+1)→ πn−1(Vn,k)
Although the index of a k-field u = (u1, u2, . . . , uk) with finite singularities over a
closed connected smooth manifold Mn belongs to πn−1(Vn,k), not all the elements of
the group might occur as the index of a k-field. In both [8] and [9] Ulrich Koschorke
proved that if 2k + 1 < n, then ind(u) belongs to the image of the projection map
p :πn−1(Vn,k+1)→ πn−1(Vn,k).
Let us set
π(n, k) := p(πn−1(Vn,k+1))⊂ πn−1(Vn,k).
Now, in Remark 1.9 of [18] we see that if M is non-orientable, then every element of
the coset ind(u)+ (1+µ∗)πn−1(Vn,k) also occurs as an index.
Let us set for 2k < n,
π¯(n, k) := π(n, k)/(1+µ∗)
(
πn−1(Vn,k)
)
.
We present the tables of the groups πn−1(Vn,k), π(n, k) and π¯(n, k) and its generators
for k = 2, 3 and 4 (see Table 17). We also refer the reader to tables on [8, p. 208].
We enumerate some examples of tangent 4-fields with finite singularities on certain
projective spaces and homotopy spheres.
N.S. Cardim et al. / Topology and its Applications 136 (2004) 275–291 287Table 17
πn−1(Vn,k) π(n, k) π¯(n, k)
k = 2 Z⊕Z/2 Z⊕Z/2 Z
n≡ 0 mod 2
Generators s2ι i1η as2ι i1ηa as2ι
k = 2 Z/2 Z/2 Z/2
n≡ 1 mod 2
Generators i1η i1η i1η
k = 3 Z⊕Z/4 Z⊕Z/4 Z
n≡ 0 mod 4
Generators s3ι i1[η] s3ι i1[η] s3ι
k = 3 Z/2 Z/2 Z/2
n≡ 1 mod 4
Generators i1s2η i1s2η i1s2η
k = 3 Z⊕Z/2 Z Z
n≡ 2 mod 4
Generators [2ι] i1[η] [2ι] [2ι]
k = 3 Z/2⊕Z/2 Z/2 0
n≡ 3 mod 4
Generators i1s2η i2η2 i2η2
k = 4 Z⊕Z/4⊕Z/24 Z⊕Z/8 Z
n≡ 0 mod 8
Generators s4ι i1[η] i3ν s4ι i1[η] + 3i3ν s4ι
k = 4 Z⊕Z/4⊕Z/24 Z⊕Z/8 Z
n≡ 4 mod 8
Generators s4ι i1[η] i3ν 2s4ι+ 3i3ν i1[η] + 3i3ν 2s4ι+ 3i3ν
k = 4 Z/2⊕Z/2 Z/2⊕Z/2 Z/2⊕Z/2
n≡ 1 mod 4
Generators i3ν i1s3η i3ν i1s3η i3ν i1s3η
k = 4 Z⊕ Z/12 Z Z
n≡ 2 mod 4
Generators [2ι] i3ν [2ι] [2ι]
k = 4 Z/2⊕Z/2 Z/2 Z/2
n≡ 3 mod 4
Generators i3ν i2[η]η i3ν i3ν
a In this table, a = 2 for n≡ 2 mod 4 and a = 1 for n≡ 0 mod 4.
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Table 18n 5 k = 2 k = 3
n≡ 0 mod 4 Wn−1(M)= 0 wn−2(M)= 0 (n 8)
n≡ 1 mod 4 wn−1(M)= 0 wn−1(M)= 0 Wn−2 = 0 (n 9)
n≡ 2 mod 4 Wn−1(M)= 0 wn−2(M)= 0 (n 7)
n≡ 3 mod 4 wn−1(M)= 0 Wn−2(M)= δ˜∗wn−3(M)= 0 (n 7)
Let Σn be any smooth homotopy sphere with n ≡ 0 mod 8, n > 8. For any 4-field u
with finite singularities on Σn, we have indu= 2s4ι+ i1[η] + 3i3ν. For any 4-field u with
finite singularities on QPn, indu = (2s + 1)s4ι + si1[η] + 3si3ν for n = 2s and s > 1,
while indu = (2s + 2)s4ι + (s + 1)i1[η] + 6(s + 1)i3ν for n = 2s + 1 and s  1. Now
indu= (2k + 2)[2ι] for any 4-field u with finite singularities on CP 4k+3 for k  1 while
indv = (4k+ 1)s4ι+ (2k)(i1[η] + 3i3ν) for any 4-field v with finite singularities on CP 4k
with k  2. For any 4-field w with finite singularities on RP 8k with k > 1, indw projects
to s4ι in π¯(8k,4)≈ Z.
4.3. M non-orientable
Let Mn be a non-orientable closed connected smooth manifold. The necessary and
sufficient conditions for the existence of a k-field with finite singularities for k = 2, 3
are in Table 18. Here W2i+1(M) denotes the (twisted) integral Stiefel–Whitney class of M .
5. Applications
Becker and Schultz derive in Theorem I of [3] a formula for the real Kervaire
semi-characteristic K0(E) of the total space E of a compact fibering of Poincaré–Wall
complexes under certain hypotheses. We recall that K0(E) = R(E) as defined in [2,
17]. They show via spectral sequence arguments that R(E) = R(F)χ(B) or χ(F)R(B)
where dimE ≡ 1 mod 4 and either F or B is orientable whenever its dimension is odd.
Theorem 3.5 of [3] affirms that R(E) = 0 for a smooth fiber bundle of closed oriented
manifolds with dimB ≡ 3 mod 4 and dimE ≡ 1 mod 4. Consequently, they deduce that
a simply connected smooth closed manifold Mn with n≡ 1 mod 4 and R(M) = 0 cannot
fiber smoothly with connected fiber and base having dimensions ≡ 2, 3 mod 4.
Results of this type for smooth fiber bundles are consequences of Theorem 1 and the
join products calculated in Sections 2 and 3. In particular, we present a direct proof of
Theorem 3.5 of [3].
Theorem 10. Let F t ↪→ Et+n → Bn be any smooth fiber bundle such that F and B are
closed connected orientable manifolds of dimensions t  5 and n 5, respectively, while
E is a closed connected manifold with w21(E)= 0 and t+n≡ 1 mod 4. If n≡ 2 or 3 mod 4,
then R(E)= 0 and spanE  2.
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If n or t ≡ 0 mod 4, we assume that both F and B admit 2-fields with finite singularities
(u1, u2) and (v1, v2), respectively. Then R(E) = χ(B)R(F) when n ≡ 0 mod 4 while
R(E)= χ(F)R(B) when t ≡ 0 mod 4.
Proof. Let u = (u1, u2) and v = (v1, v2) be any 2-fields with finite singularities on
F and B , respectively. The orientability of both manifolds F and B guarantees the
existence of such 2-fields. Theorem 1 yields a 2-field w = (w1,w2) with finite singularities
on E such that R(E)i1η = ind(w1,w2) = ind(u1, u2) ∗ 0 = 0 if n ≡ 3 mod 4 while
R(E)i1η= 0 ∗ ind(v1, v2)= 0 if n≡ 2 mod 4. We conclude that R(E)= 0 so spanE  2
by Theorem 3.23 of [17] or [8].
Suppose now that n or t ≡ 0 mod 4 and both F and B admit 2-fields with finite
singularities.
If t ≡ 0 mod 4, R(E)i1η = ind(w1,w2) = ind(u1, u2) ∗ ind(v1, v2) = (χ(F )s2ι +
τ (F )i1η) ∗R(B)i1η = χ(F)R(B)i1η so R(E)= χ(F)R(B).
If n ≡ 0 mod 4, R(E)i1η = ind(w1,w2) = (R(F )i1η) ∗ (χ(B)s2ι + τ (B)i1η) =
χ(B)R(F)i1η so again R(E) = χ(B)R(F). This calculation uses the unicity of indices
of 2-fields with finite singularities on E since w21(E)= 0 together with the join products
in Section 3. ✷
We can extend Theorem 10 to non-orientable manifolds in the following manner.
Proposition 11. Let F t ↪→ Et+n→Bn be any smooth fiber bundle such that F and B are
closed connected non-orientable manifolds of dimensions t  5 and n  5, respectively,
with n ≡ 2 or 3 mod 4 and t + n ≡ 1 mod 4. We assume that wt−1(F ) = 0 and
Wn−1(B) = 0 if n ≡ 2 mod 4 while both Wt−1(F ) and wn−1(B) are trivial whenever
n≡ 3 mod 4. Then spanE  2.
Proof. The vanishing of the above characteristic classes is sufficient for the existence of
2-fields with finite singularities on both F and B by Section 4.3. We first assume that
n≡ 3 mod 4. The existence of a 2-field with finite singularities on B yields spanB  2 by
Theorem 3.8 of [17]. Consequently, the pull-back of a 2-field on B yields a horizontal
2-field on E so spanE  2. Suppose now that n ≡ 2 mod 4. We select a tangent
2-field (u1, u2) on F without singularities together with any 2-field (v1, v2) with finite
singularities on B . Theorem 1 produces a 2-field (w1,w2) on E with finite singularities
such that ind(w1,w2)= 0 ∗ ind(v1, v2)= 0. Consequently, spanE  2. ✷
Another application involves the indices of tangent 4-fields on spin manifolds. Let Mn
denote any closed connected smooth manifold with n ≡ 3 mod 4, n > 7. Theorem A of
[16] affirms that indu= 0 in πn−1(Vn,4) for n≡ 7 mod 8, while from Theorem 4.1 of [1]
we deduce that indu=R(M)i3ν for any 4-field with finite singularities on a spin manifold
Mn with n≡ 3 mod 8. Moreover, the index of any 4-field with finite singularities on a spin
manifold of dimension n≡ 1 mod 4 depends only on the homotopy type of M and is given
by R(M)i1s3η+R(M)i3ν for n≡ 1 mod 8 and by R(M)i1s3η for dimM ≡ 5 mod 8.
Utilizing the join products for 4-fields with finite singularities and the indices of such
4-fields tabulated in Section 5, we obtain the following theorem.
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Theorem 12. Let F t ↪→ Et+n → Bn be any smooth fiber bundle of closed smooth spin
manifolds such that F and B admit 4-fields u and v with finite singularities for t  9,
n  9 and t + n ≡ 3 mod 8. Then R(E) = 0 and so spanE  4 whenever dimB or
dimF ≡ 2 mod 4 or 4 mod 8. Moreover R(E) = χ(F)R(B) if t ≡ 0 mod 8 while
R(E)=R(F)χ(B) if n≡ 0 mod 8.
Proof. indw = indu ∗ indv by the Theorem 1. Suppose dimF ≡ 4 mod 8. Then
indu ∗ indv =
(
1
2
χ(F)(2s4ι+ 3i3ν)+ τ (F )
(
ii[η] + 3i3ν
)) ∗ 0 = 0 =R(E)i3ν
so R(E)= 0 and spanE  4. Analogously, one deduces that R(E) = 0 in all other cases
comprising dimB or dimF ≡ 2 mod 4 or 4 mod 8.
Now for t ≡ 0 mod 8,
R(E)i3ν = indu ∗ indv
= (χ(F)s4ι+ τ (F )(i1[η] + 3i3ν)) ∗ (R(B)i3ν)
= χ(F)R(B)i3ν
while for n≡ 0 mod 8,
R(E)i3ν = indu ∗ indv
= (R(F)i3ν) ∗ (χ(B)s4ι+ τ (B)(i1[η] + 3i3ν))
=R(F)χ(B)i3ν. ✷
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